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”Neutron scattering
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> Why neutrons?

s Neutrons are neutral particles. They
“/ - are highly penetrating
- can be used as nondestructive probes, and
- can be used to study samples in severe environments

The wavelengths of neutrons are similar to atomic
spacing. They can determine
- crystal structures and atomic spacing, and

Remem ber Wh at < - other structural information.

you learned _ Neutrons “see” nuclei. They

" - are sensitive to light atoms.
abOUt the — ‘9’ - can exploit isotopic substitution, and

“' - can use contrast variation to differentiate complex

- molecular structures.
properties of
The energies of thermal neutrons are similar to the
ne UtrO n fFO m energies of elementary excitations in solids. Hence
, o they can be used to study
lan’s lecture:

- lattice dynamics, and
- molecular dynamics.

N Neutrons have a magnetic moment. They can be
O used to study

S - microscopic magnetic structure, and
- study magnetic fluctuations.

- formed into polarized neutron beams, and
- used to study complex magnetic structures and dynamics.

http://neutrons.ornl.gov/aboutsns/importance.shtml#properties

C(Jf Neutrons have spin. They can be
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to Innovation...

P’ Neutron scattering

Neutron is scattered by matter via:

> Iinteraction with nucleus structural studies, this lecture

» interaction with spin of unpaired electrons, magnetic
scattering Dominic Ryan’s Lecture

These interactions can be:

» elastic (diffraction) structural studies, this lecture

» inelastic (spectroscopy) dynamical studies, tomorrow
analysis of the energy of scattered neutrons provides
information on excitations (lattice vibrations and magnetic
excitations)
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e " Crystal Structure

alcite (CaCO3)

What is a crystal?

A three dimensional periodic array
of atoms.

An ideal crystal = infinite repetition L8k *
of identical structural units (single Vas
atom or compromise many atoms or
molecules) in space.

http://www.10xminerals.com/specimens/mineral-specimens.html

a, B,y # 90°
The structure of all crystals can be y
described in terms of a lattice, with
a group of atoms (basis) attached to a
every lattice point. Repeat of basis a\ | o B

In space forms crystal structure. 7 Rhombohedral
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" Crystal Structure

oAsis latfice crystal
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r— ” Why study crystal structures?
Solid state physics: crystals

EE— and electrons in crystals

Early 1900’s: solid state physics began with discovery of x-ray diffraction
by crystals and successful predictions of the properties of crystals!

Nobel Prize 1901 for
“his discovery of x-
rays.”

|'I.
W. HSSYagg

C 186!-'1942 1890 -1971
Nobel Prize 1914 “for his discovery of Nobel Prize 1915 “for their services in the analysis of crystal
the diffraction of X-rays by crystals” structure by means of X-rays™

» to describe solids
» be able to compare materials

» 1o predict physical properties
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Fom Discavery 7 Why study crystal structures?
An example: HTSC

Tetragonal Orthorhombic
. YBa,Cu0, YBa,Cu,0,
Increasing oxygen * o 4 :
content beyond a 00 9%g 8
critical value induces a 0. SNt
structural transition ca) oo BY .
[ 0’33:?0 1
and HTSC! " iy

Or (%) @ O l

Resi e O
eSIStalr;gﬁlator Superconductor - CI.II)E & - :
=l !
— I
= ol ,
!
|
0 g 20 | :
0 Te  Temperature I

Tetragonal

Physical properties are 0 o 612 .

correlated with crystal structure.
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to Innovation... n I e

Crystal structure is described by a
building block called the unit cell and 7
atomic coordinates inside the cell.

Three dimensional stacking of the unit
cell forms the crystal.

Unit cell T°

a box with 3 sides (a, b and c) and —_—

3 angles (o, B and v) k A
Location of atoms inside the unit cell

are given by atomic coordinates: E

(X, ¥, Z;), fractions of a, b and c lattice o B
constants. /4 \C/
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From Discovery

to Innovation... ~ j U n it Cel I

Conventional unit cell = smallest 3D repeat unit of a
crystal with full symmetry of the structure, not always the
smallest possible choice.

Primitive unit cell = minimum-volume cell when stacked
completely fills the space, not always displays all
symmetries in the crystal.

An example: fcc ///¢>/

crystal

O

Unit cell = fcc
Primitive cell = bcc




°3838
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From Discavery

t Innovation... VLattice planes & Miller indices

—
Periodic arrangement forms planes of atoms.

Crystallographic directions = imaginary lines connecting atoms.
Crystallographic planes = imaginary planes connecting atoms
in different directions.

Some directions and planes have a higher density of atoms.

o 999
d-spacing = perpendicular distance 399 999
. | . 0390

between pairs of nearest planes. | )) N |
All planes in one direction are identical. @_ 7. 299¢ %%%
% /52000000
How to identify/label the planes: 03 g %% 4 )g 4 g
Miller indices 2992939292299
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Frm Discovry an es &- M i I e r i nd i Ces

to Innovation...
S

[

Miller indices (h k |) = three lattice points
used to identify orientation of a set of parallel

x| o

I

planes of atoms within a crystal structure. Y
(h k 1) plane intercepts crystallographic axes a, b and ¢ at

a b ¢

P Intercepts > what an index=0

h k| means”?
where h, k, and [ are relatively prime integers '

1 1 1 | |

—, —, — fractional intercepts

h k |

back to this
: oo
h, k, | reciprocals>
Miller indices of fractional intercepts
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From Discovery

to Innovation... Lattlce planes & Mlller IndICeS
examples:

Planes separated by
one unit cell or a
fraction of a unit cell
pass through
equivalent atoms
throughout the crystal.

Can you identify (010), (030), (110), (-110) and (120) planes?

Notice larger Miller indices mean closer spacings (reciprocal)!
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From Discovery /8 P I an eS & C

/ d-spacing o

Orientation of a plane is defined by direction
of its normal vector: n,,, = ha* + kb* + Ic*

a*:27szc,b*=27zﬁ,c*:27za><b
V V

V=a. (b x c) (real space unit cell volume) a
a*.a=1,a*. b=0,whatabouta*.c=? (h E) Ny =0
d-spacing:d,,, = lal
= Yhkl T
h
2

4l :‘ n ‘2 Orthogonal

2 hkl ”

hkl
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From Discovery e = " Tai Po, Hong Kong
to Innovation... D Iffra Ctl O n 3

e

How to determine crystal structure?
Diffraction|is the main technique!

Reflection of radiation from crystallographic lFs s
planes mOde”ed by Bragg,s LaW. How does neutron scattering work?

Try to discover the size of an invisible picket fence by

Considering interatomic distances ~1 A, can it be tnstis i

done with visible light? i
GAMMA RAYS X -RAYS UV VISIBLE INFRARED MICROWAVES RADIO @ =
asketba

always
comes back

| X-rays
10°A 107A 1A 100A fym  0Amm 1cm im  100m  Fastneutrons
L L | 1 1 i 1 1 1 I ] 1 | I | i | 0
EM spectrum from: http://sscws1.ipac.caltech.edu/Imagegallery/image.php?image_name=bg002 "/'—-_.__ [’
- Cannonball

always goes through

D iffra Cti o Slow neutrons 'y e
L Marble k:,f?""
X-ray l electron b= "M{f
n e U t rO n "V’:ﬁ’a Some dopnoti

Pattern replicates structure.

Ca n be d O n e Wlth X- rays ) e I eCtrO n S a n d n e u tro n S ' http://neutrons.ornl.gov/aboutsns/importance.shtmi#neutron, Gary Mankey (U Alabama)
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" noatin.. ~ Wave-particle
duality

Extension of the idea of wave-particle duality from
light to matter: any moving particle or object has an
associated wave =amp particles can be wavelike! [

1892-1987 3 A\
L Nobel Prize 1929 for “for

Everything has a wavelength! his discovery of the wave
h nature of electrons.

E = mc? = (mc)c = pc = pfA = hf -

77 ,7333‘.,\'5, Double-slit diffraction of p ' 7

What is the velocity of a neutron with 4 =1 A?

i /f\ h=6.626 x 1034 J s and my = 1.675 x 10-27 kq
x \/./ \J I\ {'\'\ h Maximum speed of a Ferrari: 105.5 ms-1ﬁ

-1

Pos
\ V — ~ 4000 I I lS Speed of Apollo 10: 11,082 ms-! "%5»'
I I |7\“ Cruising speed of a modern jet airliner: 250 ms-1y. &
4

SCANNING SLIT POSITION . . 2 $
Zeillinger et al, Rev. Mod. Phys. 60 (1988) 1067. For a baseball (m=0.15kg) moving at 30 ms: 1 =1.5x 102 A &
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From Discavery

© inovaton.. - Diffraction: single nucleus

e

Single nucleus: analogy with diffraction of light:

incident waves = plane waves
nucleus = ideal point scatterer

Nucleus scatters the incident neutron beam
uniformly in all directions: v A

Scattered circular
ikr

wave -b e™/r

scattered waves = spherical isotropic waves.

7

'=:
L L/
-

Incident plane wave " Scattering centre at r=0

http://www.webexhibits.org/causesofcolor/images/content/3doubleslit.jpg



Canadian Neutron Beam Centre

i ioiation:. v Diffraction:
many nuclei in a crystal

Many nuclei: analogy with diffraction of light again:

incident waves = plane waves
nucleus = ideal point scatterer
scattered waves = spherical isotropic waves.

Diffraction due to interference between waves
scattered elastically from nuclei in the crystal.
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Wave description
iffraction due to interference between waves
scattered elastically from nuclei in the crystal.

Intensity of a wave moving with a velocity v along x- Initial phase=0
direction, at any given position is: Initial phase=2m/3

Amplitude
—
e
g

Wavelength period r 2n 1
A - T

| /\ /\ | /\ /\ Phase velocity:
A ! v=A/1
/ \ Y \ _
V= AV
| k-vector: k=2n/ A4 angular frequency, o =2n/ V = o / k
Wave number: k=1/ 1 Frequency: v=1/ ¢
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Adding waves with the same wavelength but different initial

phase:
» constructive: if exactly in phase (Ap = 1),

maximum possible amplitude.

http://Mavw.gull.us/photos/interference

» destructive: if exactly out of phase (A = A/2),
zero amplitude. )

» anything between: if partially out of phase
(Ad), anything between amplitude.

In phase out of phase
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Wave description
/ Complex ﬁ%gy\

——
What is a complex number? Consider a

point (vector), Z = (x,y), on a 2d Cartesian
coordinate system with x=real
component,y= imaginary one:

I = X+iy= Acos(p)+ iAsin(l

i=+/—1, Euler's theorem:e'? = cos ¢ + isin ¢

Can a plane wave
can be considered
as a vector in this
system?

These exp.
expressions are
often used without
the %2, Re, or +c.c.

Amplitude = magnitude of vector: | Z |? = ZZ* = Re{ Z }*+Im{ Z }?
Phase= angle of vector & horizontal axis: tan(¢)=Im{ Z }/Re{ Z }.
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or Distovery Addition of waves:

to Innovation...

Complex form

Using complex exponentials one easily can see adding waves of the same
wavelength but different initial phase, results in a wave of the same wavelength!

F (xt)=F g F giteced

~ tot ~1 ~ 2
=(F +F +..)e' ™
~1 ~ 2
= (be'” +be'? +..)e'
. N .
=F ey where F, =2.0e”

~ ot ~ tot -1
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”Diffraction from crystals
Bragg’s law ‘ :

From Discovery

{o Innovation... / -

e

» Crystals diffract radiation of a similar order of
wavelength to the inter-atomic spacings. |

» This diffraction is modeled by considering the “reflection” of
radiation from equally spaced (d) planes:

g’s Law: 2d sin

Bragg's law + d-spacing equationesssp solve a variety of problems!
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e — ”Diffraction from crystals:
Bragg’s law

e

Diffraction from a single layer of atoms: Specular reflection.

Similar to reflection of visible light of a smooth surface like a

mirror.
incident beam reflected beam

Constructive
interference of waves
scattered from the two
successive lattice points
A and B in the plane:

AC = DB
0,

Diffracted beam appears
as if it was reflected from
the plane!

H ™ P M M M P P P P
f & { : O W o & o
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"Diffraction from crystals:
Bragg’s law

Diffraction: neutrons interact with nuclei — scattered in all directions by
every nucleus they encounter. Scattered waves from different nuclei
travel different distances — acquire different phase — interfere as they
add up!

incident beam reflected beam

Constructive interference
of waves scattered from two
lattice points Aand D in
adjacent planes:

AB + AC = nA

Diffracted beams add up . X
only in certain direction

determined by d-spacing
and wavelength!

)
¢

o

:

Q /
¢

¢

i

~~~a\ “\3
fransmitted beam
™ ™ ™

\ - ! - W/

)
Q
)
Q
Q

O —
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T, »  More on Bragg’s law

<7

sinf=nA

» Diffraction peaks observed only when
successive planes scatter in phase (it is

relative phase that matters): Coherent
scattering from a single plane not sufficient.

incident beam reflected beam

d

. L
fransmitted beam

» For a set of lattice planes diffraction occurs only at a particular

angle given by Bragg's law. Larger d-spacing — smaller diffraction angle:
inverse relation between d-spacing and g (reciprocal space).

» No Bragg’s scattering when A is larger than 2d_ ., (largest
spacing Bragg planes in a material). This is why visible light cannot be

used. What is the incident angle for A=2d_.,.?
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» More on Bragg’s law

_74

— sinf=nA

» Planes must pass through same points
in all the unit cells in the crystal to diffract °

IN phase. Only if planes cut all the 3 cell edges
an integral number of times, unit cells diffract in S arsmrifiod beam
phase.

incident beam reflected beam

: L d :
» Miller indices used to label the planesd, ., =——2d,,, Sin 6 = A.
Only need to consider the n=1 values, since higher value! of n for the (hkl)
planes correspond to the n=1 value for the (nh nk nl) planes.

» Plane of “reflection” bisects the angle between incident and

scattered beams: 20 is measured in experiment. Either (a) rotate the
sample (single crystal) or (b) have lots of crystals at different orientations
simultaneously (powder).
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P Mathematical foundation

/ of neutron scattering

—
Reminder: neutron can be thought about as a wave! described

by a wavefunction, .

Probability of finding a neutron at a given point in space

Neutron wavevector k: a vector pointing along neutron’s trajectory.

27T

Wavevector magnitude: k= |k | =—— = 2m mv h.
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gy ¥  How is it related to
experiment?

5 R s
|

Scattering vector

Q =k;—k;

Conservation of momentum

Momentum transfer= hQ with |Q|= Q=41 sinB/A

The number of scattered neutrons as a function of Q
is measured. The result is the scattering function S(Q)
depending only on the properties of the sample.



From Discovery
to Innovation...

Canadian Neutron Beam Centre

Scattering by a fixed
single nucleus

Neufrons interact with matter via nuclear force: very short range ~10-'° m,

size of a nucleus ~100,000 times smaller than distance between centers!
Nucleus — point scatterer (isgftropic scattering)!

Incident plane wave:

Squared modulus =1
anywhere, neutron is
found with same
probability at all
positions!

Scattered spherical wave: — — eikr

I

The spatial extent of the
potential is exaggerated to be
able to show it here on the

same scale!

centre at r=0

'ENS_"ANA

Squared modulus=b?/r?,
neutron is found with
same probability in any
direction but with
amplitude b/r: b is
scattering length (n-N
interaction strength),1/r
to account for 1/r2
decrease in intensity as
scattered wavefront
grows in size with r.




P > Scattering cross
/ secti O ns Directions (0, ¢)

e

Incident flux: ®=number of incident neutrons/cm?2sec b

Incident neutron beam directed along polar is
scattered by the sample along (6, ¢).

: Incident A
Detector measures all the neutrons into neutions 5.

solid angle dQ in the direction of (0, ¢). sample

Differential cross-section:

do number of neutrons scattered per second into dQ S memes niesraton

over all energies or no

dQ (DdQ energy analysis).
Total cross section:

4z do total number of neutrons scattered per second
o= —dQ= P

0 dQ (D Total number of scattered neutrons in all directions

(units: barn=10-2* cm?)
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From Discovery

VCross-section for a fixed
| , single nucleus

Incident flux: ®=number of incident neutrons with a velocity v
passing through a unit area:

b=v | wincident |2 =V

Number of scattered neutrons with a velocity v passing through
area dsS:
V dS | Yeatiereq |2 =V dS b?/r2=v b? dQ

do number of neutrons scattered per second intodQ2  vb*dQ
dQ OdO dOdQ

b2
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"Scattering by ma“y
fixed nuclei \

e

Measures scattering intensity is the sum of
scattering from each individual nucleus!

Pseudo-potential (Fermi): interaction between a
neutron and a nucleus is replaced by a much weaker
effective potential.

Perturbation approximation (Born): effective
potential is weak enough to use perturbation in
calculating scattering!

Scattering law (Van Hove): probability of a neutron
wave k; being scattered by V(r) into outgoing wave of
K; is:

ik. —ik:.r 2 i 2
j e“"'V(r)e "'dr] = jV(r) e 2"dr

Integration is over the volume of the sample.

Nobel Prize 1938 for “i Nobel Prize 1954 for “his
work on induced fundamental research in

radioactivity” quantum mechanics”
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From Discovery S catte ri n g by m a ny

/ fixed nuclei

e

2
Fermi pseudo-potential for an V(r) = 2 ijg(r -R))
assembly of nuclei at positions rjis: m T

position r and zero elsewhere, b, are scattering lengths.

jV (r)e" T gp

2

J‘Z bj£2ﬂh2 j5(r'—R | )eir'.eru

m

2

“i(R,-R).Q

2
= Zk:bjbkAjk -S'b’A, +Z(b2 —62)Ajj
J ik j

coherent incoherent

ijeiRj.Q

J
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»””  More on scattering
by many fixed nuclei

Fourier
transform of
pair correlation

G(r) = %Zé‘(r _ (Rj ~R,)) function G(r)
j K

do I -
—— =NDb? |G(e ™ dr
5 j (r)

Intensity is proportional to Fourier transform of pair correlation

function (probability of finding two atoms being a certain
distance apart). Scattering gives information about correlations

between positions of pairs of nuclei.
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Fr-gf?rﬂiscoue'ry - : Valuating the dOUbIe sum

to Innovation...

Z
iR:.Q “i(R,-R).Q
=>be™™| =>bbe ™ =|FQ
j iK

. dG £

One single nucleus: o b’ > o, =47 b’
=0 j=N-1
1D periodic I PR T -
arrangement F(Q) = bZe =b, (e ) N bw

of N nuclei: . <
2
do _ ( NaQ) Q

23|n

Non-zero only when aQ=2rm, m integer - Q=2xrm/a | ~ =~ ~ ° °
Reciprocal! W
EP: S S S
Qg ogg=2mM, b.Qg,,;=27N,C.Qp, ;=27
m, n, p: intege — . — , ,__.aQ
0 2 4 6 8 10 12
For many repeats the peaks become very narrow (Bragg peaks). The L l l
width of the peak is a convolution of the instrumental resolution with the e . S . A aq
0 2 4 6 8 10 12

correlation length: grain size, magnetic correlation length, etc...
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"Relation to the |
Bragg’s law

Orientation of a plane is defined by direction
of its normal vector: n,,, = ha* + kb* + Ic*

bxc,b*:27r—c\>;a,c*:27za><b

cl/l

=27

v

Does n,,, satisfy the following condition?

r Scattering triangle

.QBragg=27Em, b.QBragg=27'Cn,C.QBragg=27C Q:ki-kf

m, n, p: integ A

Laue condition

2
<k =k=Z

| QBragg |_ 2k3|nt9—4—SIn¢9:| Ny |_2_

ahkl smO '

2 fignsmitted beam
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r— vMany nuclei: Structure factor
2
/ IE ) ijeiRj'Q _ ijbke—i(Rk—R,—).Q F(QI
—— Q15 ik

Position of nucleus | is given by: R,= T+ r;, where T is lattice
translation vector, r;is the position of nucleus relative to the cell

origin.
IR.. i ir..G
F(Q)= Xbe™ = 3 Fpent
all nuclei Lattice y Ieasis J
N Structure factor

127z (hu; +kv; +lw,
Fhk| _ ijel z(hu; +kvj +lw;)

baSiS Complex number

Example: Structure factor for FCC structure:
r,=(0,0,0), r,=a(1/2,1/2,1/2): F,,=b[1+emh*k*]]
Fi. =2b for h+k+l=even, O if h+k+l=o0dd.
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e 4 Reciprocal Space

to Innovation... 4
/eci procal

. features so far?
> Inverse relation

between d and 6. 2dhkl SinG = A

» Miller indices: 1 h* k* I?

reciprocal (or inverse) 2 T E 0? t o
hkl

of unit cell intercepts.

» Intensity is
proportional to Fourier
transform of pair

correlation function!_ _
reciprocal lattice:

Reciprocal lattice vector: G, ,, = ha* + kb* + Ic*

Compare with real lattice: T,,, =ua+ vb + wc

Reciprocal unit cell vectors:
a* =Gygp, b* =Gy, €* = Gy

|a| = 2n/d ;g [b*| = 27/dgqq , |€*| = 27/d g4

=Nb* [G(r)e ™ d

3| YBCO

100

Scattering angle

Q
x ——
e J" 10 20 30 40

Diffraction pattern is
only indirectly related to
real space crystal lattice!
it represents reciprocal

lattice directly.
C*l\ (h0l) plane of reciprocal lattice

o (003)

o o o

v,

o (002)

Q=(3,0,2)
m _ °

(-100) ” (100)  (200)  (300)
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From Discovery
to Innovation...

Bragg condition in reciprocal
space for elastic |k;| = |kg|:

Brillouin zones are widely

le Q used in condensed matter

physics: theory of electron
bands and other types of

2 Q.k — Q2 excitations.

Can you see this is equivalent to Bragg’s law? __ Brillouin zones for a 2d square lattice:

Q = ki— Kk — (Q + ky)* = k;?

Geometrical interpretation of Bragg
condition: k must end on a Bragg
plane to have a constructive
diffraction!

Brillouin zone surfaces exhibits all the
wavevectors that can be Bragg-
reflected by the crystal.
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VReferences and further
/ readings
——

» Squires, /ntroduction to the theory of thermal Neutron Scattering. Dover.
» Shirane, Shapiro, Tranquada, Neutron scattering with a triple-axis
spectrometer, basic techniques. Cambridge University Press.

> Willis and Carlile, Experimental neutron scattering. Oxford University
Press.

» Lovesey, Theory of neutron scattering from condensed matter, Oxford
University Press.

» Pynn, Neutron scattering: a primer. Los Alamos Neutron Science Centre.
» Warren, X-ray Diffraction. Dover.

» Kittel, /ntroduction to solid state physics. Wiley.

» Ashcroft and Mermin, Solid state physics. Saunders College.

> http://www.ncnr.nist.gov/resources/n-lengths/.
» http://neutrons.ornl.gov/science/index.shtml.
> http://www.neutron.anl.gov/reference.html.

» http://neutron.nrc-cnrc.gc.ca’lhome_e.html.




