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What is a crystal structure?

A crystal structure is a 3D lattice decorated 
with a motif of atoms or molecules.

What is a 3D lattice (or a 2D net)?
What is a motif of atoms?



What is a lattice?
Basis Vectors

Consider a parallelogram
• Lower left corner = origin
• Define basis vectors a and b along the edges of the parallelogram.
üThe lengths of a and b are not necessarily equal
üThe angle between a and b is not necessarily 90°

a

b

The coordinates (position vector) of the corners of 
the parallelogram are easily specified in terms of 
vectors a and b.

(0, 0) = 0a + 0b Bottom left   
(1, 0) = 1a + 0b Bottom right
(0, 1) = 0a + 1b Top left
(1, 1) = 1a + 1b Top right



What is a lattice?

NET / LATTICE
(only corner nodes)Node/ lattice point

The term lattice refers to a collection of nodes (lattice points)  which can all be 
reached from an arbitrary origin node by a translation vector which is an integer 
linear combination of the basis vectors. 

T = {t|t=ua + vb, (u, v) integers}

T = {t|t=ua + vb + wc, (u, v, w) integers}



Properties of the lattice?

If the entire lattice is translated by a translation (lattice) vector t, we 
obtain the same lattice again ςthe lattice is invariant under any translation 
by a lattice vector t. 

All lattice points are identical i.e. they have 
exactly the same surroundings (really only true 
for an infinite lattice)

Any 3D lattice can be completely described by 
stating the lengths of the three basis vectors and 
the angles between them (lattice parameters).

a = length of a
b = length of b
c = length of c

= angle between b and c
= angle between a and c
= angle between a and b

a b c a



What is a crystal structure?

The lattice is a purely mathematical abstraction which does not contain 
any atoms or molecules.

A crystal structure is obtained by attaching atoms or molecules to each 
lattice point.

A crystal structure consists of a 3D space lattice which is decorated 
with a motif (geometrical arrangement) of atoms.



What is a crystal structure?

A motif is a set of atoms with a well-defined geometrical arrangement.

+ =



What is a crystal structure?



What is a crystal structure?
The atomic motif can be defined in many 
different ways .



What is a crystal structure?

A lattice point can be located anywhere with 
respect to its corresponding motif - there may 
or may not be an atom located AT each lattice 
point.



The unit cell

The area (2D) or volume (3D) defined by the 
basis vectors is known as the unit cell of the 
space lattice.

This unit cell contains a 
single lattice point!



2D crystal systems

How many crystal systems can we define?

a

b

a
b 90

a
b 120

b

a

90

Oblique
(a, b, )

2-fold symmetry

Hexagonal
(a, a, 120)

6-fold symmetry
Mirror symmetry

Square
(a, a, 90)

4-fold symmetry
Mirror symmetry

Rectangular
(a, b, 90)

2-fold symmetry
Mirror symmetry



3D crystal systems

Crystal systems are classed according 
to their minimum symmetry elements.

Cubic (a, a, a, 90, 90, 90)

Triclinic / Anorthic (a, b, c, )

Monoclinic (a, b, c, 90, , 90)

Hexagonal (a, a, c, 90, 90, 120)

Rhombohedral/Trigonal (a, a, a, )

Orthorhombic (a, b, c, 90, 90, 90)

Tetragonal (a, a, c, 90, 90, 90)

(3 slopes)

(1 slope)

(not 90)

(3 equal angles)

(all 90 rhombus)

(3 equal edges)

a

o

h

t

c

R

m

None

One 2-fold rotation (or rotation-inversion) axis

One 6-fold rotation (or rotation-inversion) axis

One 3-fold rotation (or rotation-inversion) axis

Three perpendicular 2-fold rotation
(or rotation-inversion) axes

One 4-fold rotation (or rotation-inversion) axis

Four 3-fold rotation axes



14 Bravais lattices

a

o

h

t

c

--

m

aP

oP, oC, oI, oF

hP

tP, tI

cP, cI, cF

R

mP, mC

P = primitive

Can we add additional lattice 
points to a primitive lattice such 
that we still have a lattice that 
belongs to the same crystal 
system? i.e. such that the same 
symmetry elements are retained, 
that the lattice points still have 
identical surroundings, and that 
ǿŜ ŎŀƴΩǘ ǊŜŘǳŎŜ ǘƘŜ ƴŜǿ ƭŀǘǘƛŎŜ 
to a primitive lattice of the same 
crystal system?

We need only consider locations 
that are centred between the 
original lattice sites, or we 
degrade the symmetry.

C = base-centred

I = body-centred

F = face-centred





14 Bravais lattices

Triclinic

Cubic

HexagonalTetragonal

OrthorhombicRhombohedral

Monoclinic



Space group description 

of crystal structures

Space group: Fm3m (#225)
Lattice parameter: a = 0.36147 nm
Atoms: Cu in 4a

Face-centred cubic
Only one lattice parameter required
4a position corresponds to (0,0,0)

Face-centering vectors copy atom (0,0,0) into positions (½,½,0), (½,0, ½), (0,½, ½)

Formula unit: TiO2 titanium dioxide
Space group: P42/mnm (#136)
Lattice parameters: a = 0.4594 nm, c=0.2958 nm
Cell content: 2 formula units
Atoms: Ti in 2a, O in 4f with x=0.3

Ti in 2a[(0,0,0) and (½, ½, ½)]
O in 4f [(x,x,0),(-x+½, x+½, ½),(-x,-x,0),

(x+½,-x+½, ½)], with x = 0.3045

Primitive tetragonal
Two lattice parameters required



Crystallographic directions

Crystallographic directions are defined with respect to the crystallographic basis 
vectors  a, b, c, or ai (i = 1,3).

The crystallographic direction parallel to a translation vector t is denoted [uvw]
Ҧ /ƻǊǊŜǎǇƻƴŘǎ ǘƻ ǘƘŜ ŘƛǊŜŎǘƛƻƴ ua + vb + wc

a

b

3a+2b = [32]



Lattice planes ςMiller Indices

How can we identify specific lattice planes (planes that go through lattice points)?

1 2 3

1 1 1
, ,

s s s

We could use the algebraic  equation   (ax + by + cz + d = 0)

1 ,0,0s
20, ,0s

30,0,s

We would like a system valid  for all crystal systems, regardless of lattice parameters.

(OK for cubic, but tedious for other systems)

Miller indices ςjust use intercepts of the plane with the three basis vectors:

1 2 3,0,0 0, ,0 0,0,s s sIntercepts, in 
units of basis 
vector lengths.

hkl

Invert the intercepts

Reduce the numbers 
to the smallest 
possible integers

c

b

a



Families of planes and directions

Equivalent planes belong to a family
- Identical arrangements of lattice points  
- Related by symmetry operations.

b

a

c

b

a

c

(110)c (110)c

b

a

c

(101)c

b

a

Cubic

Tetragonal

c

b

a

b

a

c
= =

= ґ

c

(110)t (110)t (101)t

{110}c

{110}t

{101}t



Crystallographic computations

The dot product between two vectors with components expressed in the crystallographic 
reference frame are easily calculated using the metric tensor.

1 2 3 1 2 3

1 1 1 2 1 3 2 1 2 2 2 3 3 1 3 2 3 3

2
1

2
1 2 3 2 1 2 3

3

( ) ( )

cos cos

cos cos

p p p q q q

p q p q p q p q p q p q p q p q p q

q a ab ac

p p p q p p p ab b bc

q ac

p q a b c a b c

a a a b a c b a b b b c c a c b c c

a a a b a c

b a b b b c

c a c b c c

1

2

2
3

3 3

1 1

cos cos

i ij j i ij j
i j

q

q

bc c q

p g q p g q

Crystallographic reference frame

Metric tensor [g] = gij

We need distances between planes, angles between planes and between directions...This 
is simple for cubic crystals, but much harder for crystal systems which cannot be easily 
described using a cartesian coordinate system.

We need to be able to calculate the dot and cross products for any crystal system 

V2 = det [g]



Calculations using gij

The metric tensor makes calculations of 
lengths and angles very simple.

2
1

2
1 2 3 2

2
3

cos cos

cos cos

cos cos
i ij j

a ab ac p

p p p p ab b bc p p g p

ac bc c p

p p

Length of a vector:

Angle between two directions:

1 1 1cos cos cos i ij j

i ij j i ij j

p g q

pq p g p q g q

p q p q

p p q q

2
1 1

1 2 3 2
2 2

1 2 3 2
3 3

cos cos

cos cos

cos cos

a ab ac p q
p p p

ba b bc p q
q q q

ca cb c p q

p p p p q
p q

q q p q q

Metric tensor [g]



Reciprocal space

We would really like the direction normal to the arbitrary plane (hkl)
The reciprocal lattice allows us to determine plane normals very easily.

; ;
( ) ( ) ( )

b c c a a b
a* b* c*

a b c a b c a b c

Planes rather than directions

Consider the reference frame corresponding to vectors a*, b*, c* defined as follows:

We see that:

1 0 0

0 1 0

0 0 1
ij

a a a* a b* a c *

b a* b* c * b a* b b* b c *

c c a* c b* c c *

Definition of the reciprocal lattice

Note that                     is the volume of the unit cell bounded by the basis vectors a, b, and c. ( )a b c



Reciprocal space ςplane normals

1 1
( ) 1 1 0

1 1
( ) 1 1 0

h k l
h k

h k l
h l

a* b * c* a b

a* b * c* a c

The plane (hkl) contains the three points: 
1 1 1

,0,0 0, ,0 0,0,
h k l

The plane is thus defined by two vectors: 
1 1 1 1

, ,0 and ,0,
h k h l

Now consider the reciprocal lattice vector: h k lhklg a* b* c *

The reciprocal lattice vector ghkl = (ha*+kb*+lc*) is thus normal to the plane (hkl). 

; ;
( ) ( ) ( )

b c c a a b
a* b* c*

a b c a b c a b c

1
,0,0

h
1

0, ,0
k

1
0,0,

lC

A

B

AB AC



Reciprocal space

1

1

1

hkld OA

h k l

h h k l

h k l

hkl

n

a* b* c *
a

a* b* c *

a* b* c *

g

1
,0,0

h

1
0, ,0

k

1
0,0,

l

The distance from the origin of the direct lattice to the plane (hkl), measured 
along the normal to the plane is the distance between successive (hkl) planes, dhkl, 
referred to as the hkl plane spacing or d-spacing.

n

; ;
( ) ( ) ( )

b c c a a b
a* b* c*

a b c a b c a b c

B

A

C

O

The magnitude of the reciprocal lattice vector ghkl is equal to 
the inverse of the  interplanar spacing of the (hkl) planes.



Reciprocal space calculations

2

2

2

( ) ( )

* * *cos * * *cos *

* *cos * * * *cos *

* *cos * * *cos * *

h k l h k l h k l

a a b a c h

h k l a b b b c k

a c b c c l

a* b* c * a* b* c* a* b* c*

Reciprocal metric tensor [g*] = [g]-1

Metric tensor for the reciprocal lattice!

Now we can also easily calculate      a*, b*, c*, *, *, *, V*.

V*2 = det [g*]



Reciprocal space

Using the reciprocal lattice, we can easily calculate:

1) The angle between two lattice planes:

2) Interplanar spacing:

1cos
g h

g g h h

1 1
hkld

hkl hkl hkl
g g g

3) The direction common to two planes: 1 2 3

1 2 3

*V g g g

h h h

a b c

g h

5) Whether direction [uvw] lies in plane (hkl). 

( ) ( ) 0h k l u v l hu kv lwhkl uvwg t a* b* c* a b c

( )hklhklg 1[ *] [ ]g g

4) Miller indices of the plane containing two directions: 1 2 3

1 2 3

* * *

V p p p

q q q

a b c

p q



Reciprocal space

Recall that we can also calculate:

1) The distance between two atoms.

2) The angle between two directions in the direct lattice.

p p p

1cos
p q

p p q q

( )hklhklg * 1
ij ijg g

2

2
1 2 3 1 2 3

2

cos cos

* * * cos cos [ *] [ ] [ ]

cos cos

T T

a ab ac

p p p p p p ba b bc p p g

ca cb c

2

2
1 2 3 1 2 3

2

* * *cos * * *cos *

* * * * *cos * * * *cos * [ ] [ *] [ *]

* *cos * * *cos * *

T T

a a b a c

p p p p p p b a b b c p p g

c a c b c

2

2

2

cos cos

cos cos

cos cos

a ab ac

ba b bc

ca cb c

a a*

b b*

c c *

2

2

2

* * *cos * * *cos *

* *cos * * * *cos *

* *cos * * *cos * *

a a b a c

b a b b c

c a c b c

a* a

b* b

c * c



Diffraction ς.ǊŀƎƎΩǎ [ŀǿ

Consider a plane wave of X-rays 
impinging on a crystal consisting of a 
primitive lattice with only one atom 
per lattice site. The atoms are 
located on the lattice sites. 

The X-rays drive all of the electrons 
into oscillation  ςeach electron thus 
becomes a source of spherical 
waves having the same frequency as 
the incident radiation.

Under what conditions do the 
spherical waves interfere 
constructively to give a diffraction 
peak?



Path/phase difference

Constructive interference occurs when two or more waves having the same wavelength 
are in phase ςthis can only occur when the path difference is an integer multiple of the 
wavelength. 

A path difference of corresponds to a phase difference of 2

Phase = 0°

Phase = 0°

Phase = 7 2 Č 0 

Phase =                Č
3

6 (2 )
4

3

2
cos

2
Phase difference path difference



Diffraction ς.ǊŀƎƎΩǎ [ŀǿ

Constructive interference occurs 
when two or more waves having 
the same wavelength are in phase 
ςthis can only occur when the path 
difference is a multiple of the 
wavelength. 

Path difference

Constructive interference when:

s
O

ǎΩ

a

'

cos cos '

( ) ( )

( )

a a

a -s a s'

a s' s

cosa

cos 'a

( ) (  an integer)h ha s' s

( ) ha k' k

1 1
k s k' s' k, ƪΩ= incident/scattered wave vectors

a

s, ǎΩ= unit vectors  // direction of propagation
of the incident/scattered waves



Diffraction ς.ǊŀƎƎΩǎ [ŀǿ

Same analysis applies to lines of atoms parallel to the other basis vectors:

The Laue equations can only be satisfied if:

( ) (  an integer)

( ) (  an integer) Laue equations

( ) (  an integer)

h h

k k

l l

a k' k

b k' k

c k' k

( ) ( ) ( , , ,     integers)n n h k l n h k lhklk' k g a* b* c*

( ) scattering vectork' k Q

-k

k'
hklg

(hkl)

k

1) Q is parallel to the bisector of the incident 
and scattered beams.

2) The beams of radiation appear to reflect off 
lattice planes (but it is an interference 
phenomenon).

3) We refer to 2 as the scattering angle.

( ) hkl hklk' k g k' k g



Diffraction ς.ǊŀƎƎΩǎ [ŀǿ

( ) (  an integer)

( ) (  an integer) Laue equations

( ) (  an integer)

h h

k k

l l

a k' k

b k' k

c k' k

-k

k'
hklg

(hkl)

k
.ǊŀƎƎΩǎ [ŀǿ ǎƘƻǿǎ ǘƘŀǘ ŎƻƴǎǘǊǳŎǘƛǾŜ ƛƴǘŜǊŦŜǊŜƴŎŜ 
from a set of consecutive planes can only occur 
for certain angles , which are determined by the 
lattice parameters, and by the wavelength of the 
radiation.

1
sin 'sin 2 sinhkl

hkl

n
ng k k

d

2 sinhkln d .ǊŀƎƎΩǎ [ŀǿ

n is the order of the diffraction process, referring to the path length difference between 
the rays diffracting from adjacent lattice planes (hkl).

An nth order diffracted beam from the plane (hkl) can be regarded as the first order 
diffracted beam from the plane (nh nk nl).



Wavelength

2
Scattering Angle

dhkl

Scattering Vector Q
(parallel to crystal
plane-normal ghkl)

Detector measures intensity vs. 
scattering angle

= 2dhkl sin 

hkl lattice planes

Specimen

Diffraction Geometry

Single crystal



Single crystal must be correctly
oriented to diffract , i.e.
(g || scattering vector, Q)

Powder has zillions of  
crystals, SOME of which 
are correctly oriented.  

Single crystal vs. powder



Wavelength

2
Scattering Angle

dhkl

Scattering Vector Q
(parallel to crystal
plane-normal ghkl)

Detector measures intensity vs. 
scattering angle

= 2dhkl sin 

hkl lattice planes 
in a subset grains

Specimen

Diffraction Geometry

Powder



Diffraction fundamentals:

Spectra

For each (hkl) there is a corresponding d-spacing, and  a 

corresponding scattering angle 2 that satisfies Bragg’s Law



Diffraction fundamentals

Spectra
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Hexagonal Lattice  Model

 = 1.54 Å (0.154 nm)

(hkl) = (102)

d = 1.90 Å

(hkl) = (110)

d = 1.60 Å

(hkl) = (101)

d = 2.45 Å

(hkl) = (002)

d = 2.60 Å

(hkl) = (100)

d = 2.77 Å

.ǊŀƎƎΩǎ [ŀǿ ǘŜƭƭǎ ǳǎ ǿƘŜǊŜ ǘƘŜ ǇŜŀƪǎ ǎƘƻǳƭŘ ōŜΣ ōǳǘ ƴƻǘ Ƙƻǿ ǎǘǊƻƴƎ ǘƘŜȅ ŀǊŜΦ

2 sinhkld



Scattering by a single electron

X-rays

Thomson equation: 2
0 2

sin
K

I I
r

= angle between the direction of propagation of the
X-ray and the direction  of acceleration of the 
electron (polarization direction)

0

1

2
Y ZI I IY

Z

For a normal beam of X-rays, the polarization direction is 
random ςon average, the Y and Z components of E are 
equal:

For  || Y,   

For  || Z,   2
2

E

E

2 Y

Z

X

P

2
2

02 2 2

1 cos 2
cos 2

2
P Y Z

K K K
I I I I

r r r

E



Scattering by a single electron

X-rays

2 types of scattering:

1) Thomson or coherent scattering:
• There is a well-defined phase relationship between incident and 

scattered X-rays.

2) Compton, inelastic, or incoherent scattering
• The phase of scattered X-rays is related in a random way to the phase of 

the incident X-rays. The X-rays do not carry phase-sensitive (diffraction) 
information ςcontribute to background signal.



Scattering by an atom

X-rays

All Z electrons in an atom scatters X-rays either 
1) coherently according to the Thompson equation, or
2) incoherently via the Compton (inelastic) process

Forward scattering
All path lengths the same

No destructive interference
Total:  Z * scattering fro m one electron

Scattering through angle ґл
Different path lengths

Can get destructive interference

sin Amplitude scattered from entire atom
 = atomic scattering factor = 

Amplitude scattered from a single electron
f



Atomic scattering factors

X-rays

Coefficients tabulated in the 
International Tables for 
Crystallography

sin Amplitude scattered from entire atom
 = atomic scattering factor = 

Amplitude scattered from a single electron
f

2
2 sin3 or 4

1

sin sin
 41.78214

ib

i
i

f Z a e





Scattering from an infinite crystal

Every atom in a crystal contributes to the 
diffraction pattern - we need to sum over 
every atom!

1

Total scattering contribution from 
N

n
ijk

k j i n

atom

Sum over every
lattice point

Sum over every
atom in the motif



Scattering from an infinite crystal

1

all repeat 1
    units

1

Total scattering for scattering angle 2

contribution from 

contribution from 

contribution from 

N
n
ijk

k j i n

M

m
m

M

m
m

atom

atom

K atom

M = number of atoms 
in a repeat unit

Scattering from a unit cell into scattering angle 2



Scattering from a unit cell

1

1

contribution from 

sin
cos( )

M

m
m

M
m

m
m

atom

f

( )m m mx y zmr a b c

6

5

43

r1 r2

(hkl)

m = phase difference for 
atom m, with respect to a 
scattering centre located at 
the origin.

O

2
1



Scattering from a unit cell

(hkl)

m = phase difference for 
atom m, with respect to a 
scattering centre located at 
the origin.

O

r1

1r s

1r s'

Path difference =
1 1r s r s'

2
( )

2 ( )

2

1

1

1 hkl

r s' s

r k' k

r g

Path difference
Phase difference 2



Scattering from a unit cell

m = phase difference for atom m, 
with respect to a scattering centre 
located at the origin.

1

1

2 2 ( )

1 1

contribution from 

sin
cos(2 )

sin sin
m m m

M

hkl m
m

M
m

m

M M
i i x h y k z lm m

m m

F atom

f

f e f em hkl

m hkl

r g

r g

Fhkl is the structure factor

Ihkl |Fhkl|
2



Disorder in atom positions

Dynamic disorder
Atoms vibrate about 
their equilibrium 
positions.

Static disorder
Atoms are not in their 
άŎƻǊǊŜŎǘ ǇƻǎƛǘƛƻƴǎΣέ ƻǊ 
some atoms are 
missing.

Weakens the perfect order that gives rise to constructive interference
ωReduces peak intensity
ωBigger effect at higher hkl (planes closer together)
ωBigger effect as disorder increases - e.g. at higher temperature

(13)

(10)

(11)

(41)

(21)

a

b



Disorder in atom positions
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Perfect lattice

Thermal vibrations (low T)

Thermal vibrations (high T)

Multiply "perfect-lattice" pattern 

by vibrational correction 

2

2

1
(2 )

2 2 2
0 0

sin
( )

0

i
T

b T

f f e f e

f e

g u
g u

b(T) = Debye-Waller factor
mean square displacement of the atom normal to the reflecting plane. 

u = displacement of 
the atom from its 
equilibrium 
position.

b(T) is unknown for 
most crystal 
structures.



Kittel

Low (hkl)ςnot much 
effect of temperature

High (hkl) ςstrongly  
affected by temperature



Single crystal must be correctly
oriented to diffract , i.e.
(g || scattering vector, Q)

Powder has zillions of  
crystals, SOME of which 
are correctly oriented.  

Probability of correct 
orientation increases with 
multiplicity, j, of {hkl}.



6 - {001} 8 - {hhh} 12 - {hh0}

48 - {hkl}

24 - {hhl}

How many orientations of the unit cell would satisfy the condition 
that plane normal is parallel to scattering vector?

Multiplicity of {hkl}



Rolling

Normal

Transverse

Real materials are neither single 
crystals nor powders.

During deformation, crystallites assume preferred orientations (texture).  
Intensities of diffraction peaks are proportional to the volume fraction of 
crystallites with ghkl parallel to Q.

Scattering vector, Q

R

N

T

Intensity varies with 
direction of Q
Ҧ ¢ό, )



Crystallographic Texture:

The extremes and the middle 

ground

PowderTextured

[100]

Single Crystal

[100]
[100]



e.g. ferrite

e.g. retained austenite

Patterns add, in proportion to volume fraction of phases in a mixture



2

2

2 ( )( )

2
,( , ) j j ji x h y k z lp b T Q

j
p jp

V
Intensity A etc mT e f e

U

Absorption in specimen
Polarization of scattering
Defocusing
Detector efficiency
Size of detector
ά[ƻǊŜƴǘȊέ factor
ŜǘŎΧ

Volume of phase (p) in mixture

Multiplicity of (hkl) peak

Texture

Vibrational disorder
ά5ŜōȅŜ-²ŀƭƭŜǊέ ŦŀŎǘƻǊ

Structure factor

Volume of unit cell of phase p




